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Masonry-like solids in the presence of thermal variations

Masonry-like (no-tension) materials are nonlinear elastic materials whose constitutive equation is adopted
to model the mechanical behaviour of solids that do not withstand tensile stresses, such as masonry and

stones.

There are many engineering problems in which the presence of thermal variations (and then thermal

dilatation) must be taken into account

Masonry constructions subjected to
seasonal thermal variations
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Refractory linings of converters and ladles employed
in the iron and steel industry
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The thermal variation is so

high that the dependence

of material constants on
P ner temperature cannot be
el i " ignored
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Masonry-like materials under non-isothermal conditions

Sym the space of symmetric tensors

the set of positive semidefinite symmetric tensors
Sym’ the set of negative semidefinite symmetric tensors

0 € [01,0,] theabsolute temperature, ¢, € |f;, 5] the reference temperature
Ec Sym, the symmetric part of the displacement gradient, | the identity tensor

T € Sym, the Cauchy stress tensor

B3(6) the thermal expansion  3(f,) = 0

B(6)1,  the thermal dilatation due to the the thermal variation ) — f),
E(#) > 0 the Young’s modulus, 0 < v(0) < 1/2  the Poisson’s ratio

No limitations on ) — f], E— B(0)I = O(0) (issmall)




CC2011, Chania, Crete, Greece,6-9 September 2011

@

For (E*‘ 6}) € Sym x [91, 92} there exists a unique triple (T, E¢, E) of elements of Sym such that

—

E - 3(0)I=E +E/
- E(0) . v(6) e
n = 1+ 1v(6) E° -+ 1— 21/'(6’)“ (E)1]
TeSym™, E/eSym"
T-E' =0

(D

The nonlinear elastic material with stress function 'T‘(E #) =T iscalled masonry-like material

E° and E/ are called the elastic and fracture L_‘IIEII‘YH of E— 3(0)1

Lucchesi M., Padovani C., Pasquinelli G., 2000. Thermodynamics of no-
tension materials. International Journal of Solids and Structures 37, pp.
6581-6004.

Lucchesi M., Padovani C., Pasquinelli G., Zani N., 2008. Masonry con-
structions: mechanical models and numerical applications. Lecture Notes
in Applied and Computational Mechanics vol. 39, Springer-Verlag Berlin
Heidelberg.

In the absence of thermal
variations we get the
constitutive equation of
masonry-like materials
introduced by Heyman and D1
Pasquale and Del Piero in the
80s
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The equations of the thermoelasticity of masonry-like materials are coupled

If we assume that
E=00). p0)=00). BO)=00). E=00). 0=0(0)

then the equations of thermoelasticity are uncoupled and can be integrated separately.

The uncoupled equilibrium problem of masonry-like solids with temperature dependent
material properties subjected to thermal loads is solved via the finite element code NOSA
developed by the Mechanics of Materials and Structures Laboratory for nonlinear structural

analysis

Padovani C., Pasquinelli G.. Zani N., 2000. A numerical method for solv-
ing equilibrium problems of no-tension solids in the presence of thermal
expansion. Comput. Methods Appl. Mech. Engrg. 90, pp. 55-73.

Lucchesi M., Padovani C., Pasquinelli G., Zani N.. 2008. Masonry con-
structions: mechanical models and numerical applications. Lecture Notes
in Applied and Computational Mechanics vol. 39, Springer-Verlag Berlin
Heidelberg.
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Spherical container made of a masonry-like material
subjected to thermal loads

Let us consider a spherical container S with inner radius a and outer radius b, made of a masonry-
like material in the absence of body forces, subjected to surface tractions and temperatures such

that the problem has spherical symmetry

Forr,? and ¢, with r > 0, ¥ € |0, 7], ¢ € |0,27) the spherical coordinates

e,, ey, e, the corresponding unit vectors and & the tensor product
The displacement vector and the infinitesimal strain tensor are
u=ue,, E=ce Qe tc,(ey@eyte,Qe,)

with i du U

Cp = T/,
dr

(=0

A

The stress tensor and the fracture strain are

T=o0,e Qe +0o,(egQey+e,De,)

E/ = .::‘.ﬂer w e, + e:?f{e.ﬂ Dey te,De,)
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The solution to the constitutive equation (1) in the case of spherical symmetry is given by

E(6) o v(0) ol If (s.2,.6) belongs to
Tr = 1+ 1/(6'){ B8) + 1 —2v(0) =r + 225 = 35(0)]}, -
St ={(ep,5,.0)| 2, +1v(0)z, — [L+1(0)]3(0) <0
E(8) v(e) aaran "
T 1+ v(8) {U' —Ae) + 1—2v(0) o + 220 = 36(6)]}, 2v(0)z, + (1 —v(8))z, — [L +1(0)]3(8) < 0},
=0 & =
or =0, 0,=0 If (s7.2,.6) belongs to
o =&, —B8(0), &, =¢z,—5(6) Sy = {(2r.2.0)| 2, — B(6) > 0, =, — 3(6) > 0}
or = E()[z, — 3(8)], o, =0. If (sr,2,.0) belongs to
s =0, E‘; =v(l)s, +2, — (L+v(0))3(0): S3 = {(er,2,0)5r < 2,2, —5(0) < 0,
co+v(0)e,—[14+v(6)]8(6) = 0}
or =0, o, = 1 E(Q()g) 2o — 3(6)]. If (s,2,.0) belongs to
—v
Sq — £ 9 £ ] . — G(6) <0,
2,(8 1 9 Sy ={(er.5p.0)|er = 24,24 — 3(6) < 0.
&=+ o) o 1+vld) 3(8), e,=0.

v 20(0)e, + [1 — v(0)]z, — [1 +1(6)]8(0) = 0}
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The equilibrium equation is

do, 2
+—(or —0,) =0

dr
with the boundary conditions
JT[Q) — —Pa Jr[b) — ~Pb

where p, and p, are given positive quantities

For f(a) =0,, 6(b)= 0 with 0, > 5. we consider the steady temperature distribution

, ab(f, —0y) 1 bl — ab,
B(r) = — = la. b
{T) b—_ g ” b—a ?"r_[fb_ ]
we assume that the thermal expansion is 3(0) = a(@ — Bp) with a positive constant

We want to compare the solutions to the equilibrium problem corresponding to different choices
of the Young’s modulus (with v=0)
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If the Young’s modulus does not depend on temperature, then the solution can be calculated
explicitly

If the Young’s modulus depends on temperature, then the solution can be calculated numerically
via the finite element code NOSA

E; = 5000 MPa,
E, = 3500 MPa,
E5 = 2500 MPa,
Ev(0) = £98x10° g g, 0,].

1676.85 °
a=1m
b=2m
v =_0

pe = 1.5 x 108 Pa 0, = 1830 °C (case 1)
py = 1.0 x 10¢ Pa 0, = 1030 °C (case 2)
a=10"°K! 8, = 530 °C (case 3)
0, = 40 °C 0, = 230 °C (case 4}
Bg = 30 °C 0, = 130 °C (case 3)
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a’r — -1 ar , -1
ri7r) = Eﬁa—fﬁ'— ] _——_ Ega_g_
o [?J '?_“3—{13[0 ( ) P +p-,?,,3 ?"—Cba { }_?,,
P paa® —5°F + aEar(a +7)(0a — 0 7
53 Palt p°’T+aFEar(a+T7T)(0, —0) r e |a,7
b?
Ur{?}_—pr—Q rel[r,b
a7 , — 1 a , — 1
1 _ —. .
+———=[pa0® —DP’T + aEar(a +7)(0, — 0)], 7€ [a.T
™ —a

oo(r)=0, relrb],

where 7 is the root of the equation
aFab(0, — 6y)r* — 2ppb% (b — a)r® + 303 [pa (b — a) — aFEb(0, — 6)]r?
+2aEa*b(8, — 0y)r — ppa’b?(b—a) =0
belonging to [a, b] and

— , b2
9:9'{?)3 ﬁ:pbﬁ*
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The Young's moduli (Pa) vs. temperature (°C)
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Steady temperature distribution 6 (° C) vs. radius r (m) for different values of 8,
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Radial displacement, masonry-like material, case 2
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Radial displacement u (m) vs. radius r (m)

Radial displacement, masonry-like material, case 4
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-1.0E+06

Radial stress, masonry-like material, case 2
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Radial stress ¢, (Pa) vs. radius r (m)
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Tangential stress, masonry-like material, case 2

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
0.0E+00 T T T T T T T T
-2.0E+06 1
-4.0E+06 7
-6,0E+06 7
-B.0E+06 1
-1.0E+07 -
-1.2E+07 -~
-1 4E+07 7
-1.6E+07

Masonry-like material

Tangential stress o, (Pa) vs. radius r (m)

=——EV =——E| =—E2 —E3

'T:mgenl'ml stress, masonry-like matenal, case 4
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

6, = 1030 °C (case 2) 0.0E+00

6, = 230 °C (case 4) iz?zz
-3.0E+06
E]_ — 5000 I\IPEI.. _A0F+06 -
E> = 3500 MPa, p—
Es; = 2500 MPa, A0
E 12
Ev(0) = %, 7.0E406

m——EV =] =——=F2 =——E3




L CC2011, Chania, Crete, Greece,6-9 September 2011 «r ]

ISTITUTO DI SCIENZA E TECNOLOSIE
DELLNFORMAZIONE *A. FAEDO"

Tangential fracture strain, masonry-like materal, case 2
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Tangential fracture strain, masonry-like material, case 4
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Transition radius 7 (m) vs. temperature 4, (°C)
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For low values of 8, (6, < 230 °C) the radius 7 depends heavily on the the
Young’'s modulus, the lower is E the greater is the entirely compressed region:
tor 8, = 130 °C and F = Ej3, the container is entirely compressed. For 8, > 530
°C, the extension of the cracked region increases and 7 is still a decreasing
tunction of E. even if the values of 7 corresponding to 8, = 1830 °C are quite
close.

Let 7y, 71, 72 and 73 denote the transition radii corresponding to E4y . Ej. E5

and Ej3. respectively.
Ty 1s close to 7 for 8, = 130 °C and 8, = 230 °C
Ty 1s close to 79 for 8, = 530 °C
Tv 18 close to 73 for 68, = 1030 °C

@

E; = 5000 MPa,
E, = 3500 MPa.
Es = 2500 MPa.

4 95x 1012
Ev(0) = *55 550

0, = 1830 °C (case 1)
6, = 1030 °C (case 2)
6, = 530 °C (case 3)
0, = 230 °C (case 4)
B, = 130 °C (case 5)
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oyt = min op(r)
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|
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min

Ty

(Pa) vs. temperature 6, (°C)

For 6, < 1030 °C. c:rﬁl”i“ behaves like 7

tor 8, = 1830 °C the absolute values of c:r_]f,“i“ corresponding to Ey, Ey and Ej
are higher than those obtained with temperature-dependent E\
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min :
ol = min o,(r)
v refa,bl v
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Jgi” (Pa) vs. temperature 6, (°C)

For 6, < 1030 °C, c:r;f;"“ behaves like 7

tor 8, = 1830 °C the absolute values of c:r;‘l‘i“ corresponding to Ey, Es and Ej
are higher than those obtained with temperature-dependent Ey
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Conclusions

In order to model numerically the behaviour of masonry-like solids in the presence of thermal variations
it 1s fundamental

1. To have realistic constitutive equations for the material

2. To know the dependence of the material constants on temperature (experimental data)

Further investigation is necessary to assess how temperature-dependent material properties influence the
stress field and the crack distribution in the case of thermomechanical coupling





